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SUMMARY
Multiple Fourier transforms are used to derive the solutions of the half-space Dirichlet problems for Helmholtz’s
equation in R" and Laplace’s equation in R"*! and to exhibit the relation between the two solutions.

1. Introduction

In a recent paper Boudjelkha and Diaz [1] used Hadamard’s method of descent to show how
to derive the solution of the half-space Dirichlet problem for Helmholtz’s equation in R”
from that of the corresponding problem for Laplace’s equation in R"*!. The purpose of this
brief note is to show that their formulae may be derived easily by the use of the theory of
multiple Fourier transforms.

2. Formulation of the problems

We shall use the notation x = (x;, x,, ..., X,_ ) for a vector in R*~* and (x, z)=(x, ..., X,_ 1, 2)
and (x, y, z2)=(x,, ..., X,_y, ¥, z) for vectors in R” and R"*! respectively. The Laplacian
operators 4, and 4, ; are defined by the equations

o* o* o? o*
n=a+ +@_—1+?, An+1=A,,+6—y2
respectively.
We consider the relation between the solution v(x, z) of the half-space Dirichlet problem
d,—1*)v(x,2)=0, z>0
v(x, 0) = g(x) 2.1)

v(x,z)— 0 as |x*+2z%|— 0, 2 >0

A4

for the Helmholtz equation in R” and the solution w(x, y, z) of the half-space Dirichlet problem
wix,y,2)=0, z>0 ‘
w(x, y,0)=f(x, y) 2.2)
w(x, y,z) >0 as |x*+y?+z% -0, z>0 ‘

for the Laplace equation in R"*"'; the functions f and g are assumed to be prescribed.

We first of all solve these equations by the use of multiple Fourier transforms using the
notation

3O =Fo o [0 =) 20 | p(exp (i(E 1)} d 3)

Rn*l

B &= Foo2): €]l =Cn " | 66 y)exp lile: x+ny)dxdy C4)
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where é=(¢, ..., &,_;) and &+ x denotes the inner product &, x, +...+ &, x,_ ;. The inverses
FE_ 1y, Fg of the operators F,_ ), F, are given respectively by

¢(x) = Fa-u[6(8); x] = F,[$(); —x] 2.5)
o (x, y)=FH[(E n); (x, »)] = Fu[6(& m); —(x. »)]- (2.6)

and

3. Solution of the Dirichlet problem for Laplace’s equation

To find the solution of the Dirichlet problem (2.1) in the half-space z >0 we operate on both
sides of each of the equations (2.1) by #,_;, and make use of the result

62
Fo-pldev(x, 2); &] = <y - 2) (¢, 2)
where =¢34+ ...+ &2 and

0(¢ z) = F_n[v(x, 2); ¢]
(see e.g. p. 78 of [2]) we find that they are equivalent to the equations

[5%27 - 52—,12] 5(€,z)=0
(& 0)=4(%)

B(&,2z)>0 as zow
where

§&)=Fu-1[9x); €] -
These have solution

8(& 2)=g(&) exp { — (&> + 12)*z} (3.1)
where the positive square root is taken. Using the convolution theorem for multiple Fourier
transforms, (p. 79 of [2]), we can write this result in the form

v(x, z)= (2n)‘%‘"_1)§ g(s)L(x—s, z)ds (3.2)

Rn* 1
where se R"~! and the kernel L(x, z) is defined by the equation
Lix, 2) = Z¢-p[exp {~ (€ +2)z}: x] (33)

Using a well-known result in the theory of integral transforms (p. 82 of [2]) we see that we
can replace this formula by

L(x, 2) = |x| 7", [r exp { — (r*+ A2)*z}; x| ] (3.4)
where v=3%(n—3) and #, is the operator of the Hankel transform defined by the equation
HLF0: 0] =| 170 er)ar 63)

Making use of formula (19) on p. 31, Vol. II of [3] we find that
L(x, z) = / (2/m) i3z (| x|+ 22) " 3 K, {4/ (| x> + 2%)} (3.6)

4. Solution of the Dirichlet problem for the Helmholtz equation

Similarly, we can show that the Dirichlet problem (2.2) has the solution w(x, y, z) where
W(E, 1, 2) = F[w(x, y, 2); (€ n)] is of the form
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W(g, 1, 2) = f (& n) exp {— (&> +n?) 2} (4.1)
whereA

fEn=Funlfxy:En]. (4.2)
In other words

w(x, y, z)=(2r)" %" ,[R" f(s, ) K(x—s, y—t, z)dsdr (4.3)
where

K(x, y, 2) = Fg [exp {— (& +n?) 2} (x, )] (44)
or

K(x,y,2)=p " #,[r'e ""; p] (4.5)

where v=4n—1 and p=,/(}x|>+ y?). Making use of formula (8) on p. 182, Vol. T of [3] we
find that '

K(x,y,2)=2"n"3T(in+34)z(p2 +23)7" "1, p?=|x|+)2. (4.6)
5. The relation between the solutions
We now consider the relation between the solutions derived in §§3 and 4.
If we take
G y)=glx)e > | (5.1)
in §4, ie. take
F&m=y@ensm—29©
in equation (4.1) we find that
D&, 2) =/ Qn)3(€) exp { - (€2 +n2) 2} 6ln—1).
From equation (3.1) we deduce that
P&, 2) = @m0, 2) 61— 4).
Applying the operator £ to both sides of this equation we obtain the result
w(x, y,z)=e"Pu(x, z).
In other words if w(x, y, z) is the solution of the Dirichlet problem
Appw(x,3,2)=0, z>0
w(x, 3, 0)= glx)e™ ™ 52)
w(x, y,z) =0 as [x2+)y?+2z%—=0, z>0
then the solution of the Dirichlet problem (2.1) is
v(x, z2) = w(x, y, z)e . (5.3)

From this equation and equations (4.3), (5.1) we deduce that the solution of the Dirichlet
problem (2.1) may be written in terms of the kernel K by means of the formula

v(x, z) = (2n) " Ln g(s)e*" VK (x—s, y—t, z)dsdt
which by a trivial change of variable reduces to

v(x, z)=(2n) " *" L g(s)e™K(x—s, y, z)dsdy . (5.4)
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Comparing this equation with equation (3.2) we deduce that the kernels K and L are related
by the formula

L(x,z)=F[K(x, y, z); y—>4] . (5.5)
That we recover the formula (3.6) by inserting the form (4.6) for K in equation (5.5) is verified
by formula (7) on p. 11 of Vol. I of [3].
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