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A relation between the solutions of the half-space Dirichlet problems 
for Helmholtz's  equation in R" and Laplace's equation in R n+l 
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S U M M A R Y  
Multiple Fourier transforms are used to derive the solutions of the half-space Dirichlet problems for Helmholtz's 
equation in R" and Laplace's equation in R "+1 and to exhibit the relation between the two solutions. 

1. Introduction 

In a recent paper Boudjelkha and Diaz [1] used Hadamard 's  method of descent to show how 
to derive the solution of the half-space Dirichlet problem for Helmholtz's equation in R" 
from that of the corresponding problem for Laplace's equation in R "+ 1. The purpose of this 
brief note is to show that their formulae may be derived easily by the use of the theory of 
multiple Fourier transforms. 

2. Formulation of the problems 

We shall use the notation x = (xl, x2,. . . ,  x,_ 1) for a vector in R "-1 and (x, z)= (xl, ..., x._ 1, z) 
and (x, y, z)=(xl ,  ..., x ,_ l ,  y, z) for vectors in R" and R "+1 respectively. The Laplacian 
operators A, and A,+ 1 are defined by the equations 

02 02 0 2 02 

A , - o x  ~ + . . .  + ~ + - -  A,+ = A , + - -  Ox,_ 1 Oz 2 , a 0y2 

respectively. 
We consider the relation between the solution v (x, z) of the half-space Dirichlet problem 

(a.-a2)~(x, z) = 0, z >0 

v(x, 0 )=  9(x) (2.1) 

v(x,z)--*O as [xZ+z2[~oo,  z > 0  

for the Helmholtz equation in R" and the solution w (x, y, z) of the half-space Dirichlet problem 

w(x,y,z)=O, z>0 
w (x, y, 0) : f (X, y) (2.2) 

w(x ,y , z )~O a s  [xZ-[-yZ.-.~z2[---+oo, z>O 

for the Laplace equation in R "§ ~ ; the functions f and 9 are assumed to be prescribed. 
We first of all solve these equations by the use of multiple Fourier transforms using the 

notation 

~ ( 0 - -  ~ , -  1,[~b(x); r = (2=) -~(" -"  fR'-' q~(x)exp {i(r x)} dx 

q~ ({, ,) =- ~,)[~b(x, y); (r t/)] = (27c) -}" fR:<b(x, y)exp {i({ 'x+qy)}dxdy 

(2.3) 

(2.4) 
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where r = (~l, ..., ~.-  i) and ~" x denotes the inner product ~l xl + . . .  + ( , -  1 x,_ i. The inverses 
~'~,-~* 1), ~(,)~* of the operators ~ , _  1), ~ , )  are given respectively by 

(x) - 25* . .  [~ (r x] = ~ . _  1)[~(r - x] (2.5) 
and 

qS(x, y ) =  ~*) [q5(~, q); (x, y)] = ~ , ) [~ (~ ,  t/); - ( x ,  y)] .  (2.6) 

3. Solution of the Diriehlet problem for Laplaee's equation 
4 

To find the solution of the Dirichlet problem (2.1) in the half-space z > 0 we operate on both 
sides of each of the equations (2.1) by ~ . _  1) and make use of the result 

~ . _ . [ A . v ( x , z ) ; ~ ]  = ~ -  r ~(r 

where ~2 = ~ + . . .  + ~ _  i and 

~(~, ~)= ~ . - . [ d ~ ,  ~); ~] 

(see e.g.p. 78 of [2]) we find that they are equivalent to the equations 

[ 02 __~2 ~2] 
~(~, z) = 0 

(r o) = o(r 

~ ( ~ , z ) ~ 0  as z---,~ 

where 

0(r = ~ . _ . [ 0 ( x ) ;  r 

These have solution 

(~, z) = 0 (r exp { - (~2 + 22)~ z} (3.1) 

where the positive square root is taken. Using the convolution theorem for multiple Fourier 
transforms, (p. 79 of [2]), we can write this result in the form 

v(x, z)=  (27c) -k("- 1) fR" ' g(s)L(x--s, z)ds (3.2) 

where s s R"- 1 and the kernel L(x, z) is defined by the equation 

L(x, z) = ~ * _  i)[exp { - (r + 22)-~ z} ; x ] .  (3.3) 

Using a well-known result in the theory of integral transforms (p. 82 of [21) we see that we 
can replace this formula by 

L(x, z) = I xl- ~3r [r ~ exp { - (r 2 + 22)~z} ; I xl ] (3.4) 

where v=�89 and W, is the operator of the Hankel transform defined by the equation 

~4~ p] = rf(r)J~(pr)dr. (3.5) 
0 

Making use of formula (19) on p. 31, Vol. II of [3] we find that 

g(x, z)= ~/ (2/~)2~"z(Ix12 + zZ)-"+ ~ K, .  {2~/ (Ix12 + z2)} (3.6) 

4. Solution of the Dirichlet problem for the Helmholtz equation 

Similarly, we can show that the Dirichlet problem (2.2) has the solution w(x, y, z) where 
~(~, 11, z) --- ~ , ) [w(x ,  y, z); (~, q)] is of the form 
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k(~, t/, z) = f (~ ,  t/) exp { - ( r  + t/2)�89 
where 

f(r tl)= 4 , ) I f ( x ,  y); (r 7)] .  

In other words 

w(x, y, z ) =  (2~z) -~" (R" f(s, t)K(x--s, y--t, z)dsdt  

where 

K(x, y, z) = 4*)  [exp { - (~2 + t/2)~z} ; (x, y)] 
o r  

K (x, y, z) = p -~ Yf, [r * e-'Z ; p] 
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(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

where v=�89 and p=x/([x[2+y2). Making use of formula (8) on p. 182, Vol. I of [3] we 
find that 

K(x, y, z)= 2~"~-~r(�89189 +z2) -~"-1 , p2 = ]xl2+yZ.  (4.6) 

5. The relation between the solutions 

We now consider the relation between the solutions derived in w167 and 4. 
If we take 

f (x, y)= 9(x)e -i~' (5.1) 

in ~4, i.e. take 

f (r = a - 0 (r 

in equation (4.1)we find that 

~ (r q, z) = x/(2re)0 (r exp { - (r + t/Z)~z} 6 ( t / -  2). 

F rom equation (3.1) we deduce that 

~(r , ,  z )=  4(2~)  e(r z ) a ( n - 2 ) .  

Applying the operator ~(,)~* to both sides of this equation we obtain the result 

w (x, y, z) = e-'Xr v (x, z). 

In other words if w (x, y, z) is the solution of the Dirichlet problem 

A,+lw(x,y,z)=O, z > 0  

w(x, y, O) = 9(x)e -iar (5.2) 

w(x,y,z)--->O as [xZ+yZ+zZ[---,oo, z > 0  

then the solution of the Dirichlet problem (2.1) is 

v(x, z) = w(x, y, z)e • . (5.3) 

F rom this equation and equations (4.3), (5.1) we deduce that the solution of the Dirichlet 
problem (2.1) may be written in terms of the kernel K by means of the formula 

v (x, z) = (2~z)- ~-" fg" 9 (s) e iz(y- 0 K (x - s, y - t, z) ds dt 

which by a trivial change of variable reduces to 

v(x, z )=  (2re) -~" fs 9(s)eia'K(x-s' y' z)dsdy. (5.4) 
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Comparing this equation with equation (3.2) we deduce that the kernels K and L are related 
by the formula 

L(x, z)= o~[K(x, y, z); y--+23. (5.5) 

That we recover the formula (3.6) by inserting the form (4.6) for K in equation (5.5) is verified 
by formula (7) on p. 11 of Vol. I of [-3]. 

R E F E R E N C E S  

[i]  M. T. Boudjelkha and J. B. Diaz, Half space and quarter space Dirichlet problems for the partial differential 
equation Au-22u=0: Part I, Applicable Analysis 1 (1971/2), 297-324. 

[2] I. N. Sneddon, The Use oflntegral Transforms, McGraw-Hill Book Co., New York, 1972. 
[3] A. Erdelyi, (Editor), Tables of Integral Transforms, McGraw-Hill Book Co., New York, 1954. 

Journal of Engineerin 9 Math., Vol. 8 (1974) 177-180 


